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ABSTRACT

This package is designed to make all elementary calculations

invelved in evaluating

N
sMey = (] an, ND | 4a01,...,

N
=1 14,k
fairly easy where the Ni K are usual normalized B-splines, In

’
addition interpolation and least squares subroutines are provided so

that one may easily generate "meaningful" spline functions.,



0. Basic Spiline Package

This package fs designed to solve some of the elementary problems
associated with splines (eg. spline interpolation and least squares
fit). I have attempted to.keep the number of technical subroutines to
a minimum while giving the user great flexibility in determining the
"type" of spline desired, This flexibility occurs in the freedom the
user has in his choice of knot sequence and/or his choice of piecewise
degree,

The subroutines fall into three basic categories, The first category
involves computations with a given spline and/or knot sequerce. These
routines deal with general properties of splines and are not tied down to
any specific task. Included in this category is

BSPLVN

BVALUE

INTERV .
The second category involvesa routines which calculate the coefficients of
splines which perform a specific task (such as interpolation or least
squares fit). In this category are

EQUATE

INTERP .
Finally, in the third category is a banded equation solver BNDSLV which
has nothing directly to do with splines, but which is needed to solve
specific linear equations which arise in EQUATE and INTERP.

The reader interested in morelsophisticated applications should

consult [2], where BSPLVN, BVALUE, and INTERV were obtained and where



certain program fragments of EQUATE and INTERP were sketched, Programs

which, for example, solve collocation problems of differential equations

are also located there.

The appendix contains a listing of the above subroutines.



1. Normalized B~splines

The normalized B-splines are used almost exclusively for calculating
and evaluating pilecewise polynomials., Here we give a very brief description
of the normalized B-splines and some of their most important properties.

For more information the reader should consult [1], and the references
therein,

We set .
(s-t 1if t<s
(1.1 (s~t) = ? o (o .

Let k be a positive integer which we will fix throughout this section. The

biinfinite knot sequence {ti}m will satlisfy the following properties:

{ mo0

(1.2) L. >t

a= lim ti
4

b= 1im ¢t

i-»co

1 (a or b may be infinite).

Although we will alwajs be working on a finite iInterval with a finite
number of knots, it 1is convenient, for the purpose of exposition, to work
with the above bilinfinite sequence.

The normalized B-splinme of order k determined by {t } 1s

g2t

denoted by N and is defined by

1,k

k-1
(1.3) Ni,k(t) - (ti+k-ti) [ti""’t1+k} (S-t)+ ,



where the k-th divided difference operator [ti""’ti+k] is acting on

the variable s. For example if k=1 we obtain

o] o
(E14170)y - (£-0),

tivl ~ &y

)
(1.4) [ti’ti+1] (s-t)+ =

Since there might be some confusion as to the value of N, .(t) at t

1,1 or

i+l
ti we arbitrarily declare Ni,k to be right coqtinuous.

The following properties of the Ni g are very useful:
]
- (1.5) i) Ni,k(t) >0

i1) supp (Ni k) = [

oo

£yt

i11) § Ny (8) =1, te(a,b)

{=—c0

Let us suppose that tk < tk+1 and tN < tN+1 s then the set

}N

(1.6) { =1

Nk

is linearly independent on the interval [tk’tN+1] « Furthermore, the set
{Ni k}g-l forms a basis for the plecewise polynomials of order k
»

(degree < k=-1) on the interval [tk, tN+1] with knots at {tk+ ""'tN} and
continuity conditions as prescribed by those knots. That is, if

(1.7) L, <t, <t

k=53 B4 7 0 T Y < Byap S By



then the polynomial pieces must Join at t in a Ck_m_1 fashion, Thus

141

' k-2
1
if there are no knot multiplicities the Ni,l 8 span the C [tk’tNII]

plecewise polynomials of order k with knots at {tk+1""'tN} ‘



2, Evaluating Spline Expressions

In general, one has an expression of the form .
N
(2.1) 1£1 Ay Ny (€)= a(e)

to evaluate in the interval [tk, tN+1] (recalling that €yseeraty,, are

from some given knot sequence). Due to the local support property of the

Ni,k's (1.5, i1) 1if tJ <t < tj+1 then
h|

(2,2) s(t) = § AN, () .
t=g-k1 Dok

Thus in order to evaluate (2,1) efficiently the first step consists of

finding the index j such that

(2,3) t, <t<t

3 1 °

The subroutine INTERV accomplishes this.
In evaluating (2.1) and its derivatives the following formula from [1}

is useful.

N
(2.4) sW ey = en) +or eg) 121 Aij) Ny kg (O

where

(2.5) A, = A and

e (-1 _ (-1 :



Notice that evaluating the derivative of a spline written in terms of

the normalized B-spline basis reduces to evaluating a lower order spline

in a similar basis, These handy features are combined in the function

routine BVALUE,



3. Computing the Coefficients of the Ni Kk
L]

In the previcus section we indicated how to calculate the value of a
spline or its derivative if one had the coefficlents of the representation.
In order to obtailn the coefficients one generally has to solve a linear
system of equations whose matrix entries'depend on the values of the
Ni,k or its derivatives. For example, if the interpolating spline is
desired for the function f, then one needs to solve the system

N

(3.1) A, N, . (x,) = £(x,), i=1,...,N.
izl 1 74,k™) | ]

Assuming that the x,'s are ordered then (3.1) will be a banded linear

3

system, The matrix will have the form

(3.2) aij = Ni,k(xj) .

Thus it would be useful to have a subroutine which generates simultaneously

the values of all the nonzero normalized B~splines., The subroutine BSPLVN
accomplishes this task. Further, the subroutine BNDSLV is used to solve

banded systems of linear equations,



4, Spline Interpolation

This section is a user's guide to the subroutine INTERP. The inputs

to INTERP(T,A,N,K,TAU,F,IFLAG) are

T = (ordered) knot sequence

N - number of‘eﬁuationa

K - order of the spline

TAU - (ordered) interpolation points

F - external user supplied function
The returns are

A = N coefficients of the N

IFLAG - IFLAG = 0 or 1,
This routine solves the linear system of equations

N
) A(DN, | (TAU(J)) = P(TAU(J)), J = 1,...,N.
I=l ’

If the linear system is singular then IFLAG is set to 1 otherwige it
is-zero. The user must supply {T(I) : I = 1,...,H+K} and
{TAU(T) : T = 1,...,N}, both non~decreasing sequences with T(I) < T(I+K)
and TAU(I) < TAU(I+1).

It can be shown that the linear system is invertible 1if and only 1if
TAU(I) & (T(I),T(I+K)). If K is even then a fairly stable interpolatiomn

procedure 1s obtained by choosing



TAU(I) = T(K) + (I-1)A I=1,...,Kf2

1 1
TAU(I) = T(K + (I-K/2)), I = K/2 +1,...,N - K/2,

TAU(I) = T(M1) = (N-1)8, , I = N-= K/2 + 1,...,N

where

. T(K+L)-T(K)
1 K/2

. TV - T(N)

INTERP calls BSPLVN, INTERV, and BNDSLV. As the subroutines are

dimensioned now it is assumed that K < 10,

10



5. S8pline Least Squares

This section is a user's guide to the subroutine EQUATE. The

inputs to EQUATE (T,N,K,LX,X,G,WELGHT,A) are

T - {ordered) knot sequence
N - number of equations

K - order of the spline

LX - number of data points

X - (ordered) x-co-ordinate
G - Y-values

WEIGHT ~ (positive) vector .
The return 1is

A - N coefficients of the NI K

]

The recturned coefficients satisfy

LX N 2
} WEIGHT(N{ ¥ A(DIN] L (x(D)), - 6(D
Jal I=1 ’
LX N 2
< 1 WEIGHT(D | ] bN.  (x(D) - 6(2)
J=1 I=l ’

for any vector b = (bl,...,bn) .

It 1s assumed that {X(J)},J=1,...,LX} are ordered an further that
JT(K) < X(1) < X(LX) < T(N+1). This routine calls BSPLVN and BNDSLV. As

the subroutines are dimensioned now it is assumed thaf K < 10,

i1-
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6. BVALUE

The function routine BVALUE will return the value of a spline or any
one of 1its derivatives (depending on the calling parameters)., The inputs

for BVALUE(T,A,N,K,X,IDERIV) are

T - (ordered) knot sequence

>
|

coefficients of the spline

N - integer such that X € [T(K), T(N+1)]
K - order of the spline

X - evaluation point -

IDERIV - derivative wanted.

The return is

BVALUE (T,A,N,K, X, IDERIV) = S(IDERIV)(X)

N | .
where S(-) = z A(I)NI K(') . This routine will return a value of zeroc if
I=1 v
X ¢ [T(K), T(N+1)}. This routine calls INTERV,

This routine is based on formulae (2.2) and (2.5) along with the basic

- 1dentity
E-t t -t
i (t) i+k {t)
(6.1) N (t) = ——— W _ + ———— N .
i,k bkt 1,k-1 ti+k_ti 1+1,k-1
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7. INTERV
The subroutine INTERV will return the subécript ILEFT which satisfies
T{ILEFT) < X < T(ILEFT + 1)

if possible. This routine 1s used for efficient evaluation of a spline as

in {2.2). More precisely INTERV(XT,LXT,X,ILEFT,MFLAG) has inputs

XT - {ordered) wvector

LXT - Index of the right hand end point XT(LXT).

X - evaluation point.
The returns are ILEFT and MFLAG where MFLAG = 0 means that 1 < ILEFT < LXT - 1
and XT(ILEFT) € X < XT(ILEFT + 1). This 18 the usual case. If MFLAG = -1

then X < XT(1) and ILEFT = 1. If MFLAG = 1 then XT(LXT) < X and ILEFT = LXT,
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8. BSPLVN

The subroutine BSPLVN is used to produce (Bimultanedusly) the values
of the nonzero normalizedlB—spline Ni k 8t @ given point X. This routine
]
1s used here exclusively to f1ll out the various coefficient matrices,

Then inputs to BSPLVN(T,JHIGH,INDEX,X,ILEFT,VNIKX) are

T - {ordered) knot sedueﬁce
JHIGH - order oi the spline
INDEX = either 1 or 2

X - evalpation point

ILEFT - where T(ILEFT) < X < T(ILEFT + 1).

. The return is

WIKX(D) = Ny per surcms, guzcn (s J=1s- -« » JHIGH

if INDEX = 1, This is the only option we have used in EQUATE and INTERP,

If INDXE = 2, then

WIKK(D) = Ny ppryr-gr, gt (0

| where J' = max{JHIGH,J+1} and J is a local variable in the subroutine. This
option 1s useful in generating simultaneously the values of some or all of
the derivativeé ofrthe nonzero Ni,k at X." | |

Note that before calling BSPLVN one must find ILEFT so that

T(ILEFT) < X < T(IEFT+l).
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9., BNDSLV

The subroutine BNDSLV 1s designed to solve banded systems of linear

equations. The input parameters for BNDSLV(A,B,X,N,IROWLN) are

A = Banded matrix
B - right hand side
N - number of equations

IROWLN ~ the row length (band width),
The return is X a vector which solves
MX =B,

(IROWLN + 1)/2)

where (setting R

A(R,R+J -K), |[JK| <R -1

M(K,J)
0 otherwise .
In short, the diagonal of M is stored in the R-th columm of A and the rest of
the entries are placed accordingly, The routine uses elimination with no

provision for pivoting.



1.
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